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Abstract
In this work, higher-dimensional inverse quasi-linear

parabolic problem was investigated. We demonstrated the

solution by the Fourier approximation. The inverse problem

was first examined by linearizing and then used implicit

finite difference schema for the numerical solution.
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1 INTRODUCTION

Inverse parabolic problems in two dimensional are appeared especially applications in chemical

diffusion, heat transfer processes have been used a lot such as [1, 5], population, medical area, electro-

chemistry, engineering, chemical area, and plasma physics [3]. This kind of problems with nonlocal

boundary conditions are not easy to study. There are many papers on finding analytical and numeri-

cal solutions of inverse coefficient problems with nonocal boundary conditions in one dimensional.

In these papers, finite difference method, boundary element method, finite element method, and so on

are examined to approximate numerical solutions.

Finding of the unknown function in a nonlinear parabolic equation is used frequently by many

engineers and scientists [1, 4, 6–8].

In this study, Fourier method is used for the theoretical part and linearizing and finite difference

methods are used for the numerical procedure.

The article consists of four parts, in Section 2, the existence for solution is showed by itera-

tion. In Section 3, continuous dependence for the solution is examined. In Section 4, the numerical

approximation is given.

Here Γ≔ {0< x<𝜋, 0< t< T}, 𝜐(x, y), h(t), g(x, y, t, w) are given functions. {q(t),w(x, y, t)} ∈
C[0,T] × (C2,1(Γ) ∩ C1,0(Γ)) is the solution of the inverse problem.

𝜕w
𝜕t

= 𝜕2w
𝜕x2

+ 𝜕2w
𝜕y2

− q(t)w + g(x, y, t,w), (x, y, t) ∈ Γ, (1)
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w(x, y, 0) = 𝜐(x, y), x ∈ [0, 𝜋], y ∈ [0, 𝜋], (2)

w(0, y, t) = w(𝜋, y, t), y ∈ [0, 𝜋], t ∈ [0,T],
w(x, 0, t) = w(x, 𝜋, t), x ∈ [0, 𝜋], t ∈ [0,T], (3)

wx(0, y, t) = wx(𝜋, y, t), y ∈ [0, 𝜋], t ∈ [0,T],
wy(x, 0, t) = wy(x, 𝜋, t), x ∈ [0, 𝜋], t ∈ [0,T], (4)

h(t) = ∫
𝜋

0 ∫
𝜋

0

xyw(x, y, t)dxdy, t ∈ [0,T]. (5)

2 SOLUTION OF TWO DIMENSIONAL MODEL

w(x, y, t) = w0(t)
4

+
∞∑

m,n=1

(wcmn(t) cos(2mx) cos(2ny) + wcsmn(t) cos(2mx) sin(2ny))

+
∞∑

m,n=1

(wscmn(t) sin(2mx) cos(2ny) + wsmn(t) sin(2mx) sin(2ny)),

where

𝜐0 = 4

𝜋2 ∫
𝜋

0 ∫
𝜋

0

𝜐(x, y)dxdy, 𝜐cmn = 4

𝜋2 ∫
𝜋

0 ∫
𝜋

0

𝜐(x, y) cos(2mx) cos(2ny)dxdy,

𝜐csmn = 4

𝜋2 ∫
𝜋

0 ∫
𝜋

0

𝜐(x, y) cos(2mx) sin(2ny)dxdy,

𝜐scmn = 4

𝜋2 ∫
𝜋

0 ∫
𝜋

0

𝜐(x, y) sin(2mx) cos(2ny)dxdy,

𝜐smn = 4

𝜋2 ∫
𝜋

0 ∫
𝜋

0

𝜐(x, y) sin(2mx) sin(2ny)dxdy.

By using Fourier method, we have Fourier coefficients:

w0(t) = w0(0)e− ∫ t
0

q(s)ds + 4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

e− ∫ t
𝜏

q(s)dsg(𝛼, 𝛽, 𝜏,w)d𝛼d𝛽d𝜏, (6)

wcmn(t) = wcmn(0)e− ∫ t
0
[((2m)2+(2n)2)+q(s)]ds + 4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds

× g(𝛼, 𝛽, 𝜏,w) cos(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏,

wcsmn(t) = wcsmn(0)e− ∫ t
0
[((2m)2+(2n)2)+q(s)]ds + 4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds

× g(𝛼, 𝛽, 𝜏,w) cos(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏,
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wscmn(t) = wscmn(0)e− ∫ t
0
[((2m)2+(2n)2)+q(s)]ds + 4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds

× g(𝛼, 𝛽, 𝜏,w) sin(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏,

wsmn(t) = wsmn(0)e− ∫ t
0
[((2m)2+(2n)2)+q(s)]ds + 4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds

× g(𝛼, 𝛽, 𝜏,w) sin(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏.

Let us show the solution:

w(x, y, t) = 1

4

(
𝜐0 +

4

𝜋2 ∫
t

0

e− ∫ t
𝜏

q(s)dsf0(𝜏,w)d𝜏
)

+
∞∑

m,n=1

(
𝜐cmn +

4

𝜋2 ∫
t

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]dsgcmn(𝜏,w)d𝜏

)
cos(2mx) cos(2ny)

+
∞∑

m,n=1

(
𝜐csmn +

4

𝜋2 ∫
t

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]dsgcsmn(𝜏,w)d𝜏

)
cos(2mx) sin(2ny)

+
∞∑

m,n=1

(
𝜐scmn +

4

𝜋2 ∫
t

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]dsgscmn(𝜏,w)d𝜏

)
sin(2mx) cos(2ny)

+
∞∑

m,n=1

(
𝜐smn +

4

𝜋2 ∫
t

0

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]dsgsmn(𝜏,w)d𝜏

)
sin(2mx) sin(2ny), (7)

where 𝜐0 = w0(0)e− ∫ t
0

q(s)ds, 𝜐cmn = wcmn(0)e− ∫ t
0
[((2m)2+(2n)2)+q(s)]ds, 𝜐csmn = wcsmn(0)

e− ∫ t
0
[((2m)2+(2n)2)+q(s)]ds.

(K1) h(t)∈C1[0, T],

(K2) 𝜐(x, y)ϵC1, 1([0,𝜋]× [0,𝜋]), 𝜐(0, y) = 𝜃(𝜋, y), 𝜐x(0, y) = 𝜐x(𝜋, y), 𝜐(x, 0) = 𝜐(x, 𝜋), 𝜐y(x, 0) =
𝜐y(x, 𝜋) and

∫
𝜋

0 ∫
𝜋

0

xy𝜐(x, y)dxdy = h(0),

(K3) g(x, y, t, w) is provided following conditions:

(1) ||||𝜕g(x, y, t,w)
𝜕x

− 𝜕g(x, y, t, w̃)
𝜕x

|||| ≤ l(x, y, t)|w − w̃|,
||||𝜕g(x, y, t,w)

𝜕y
− 𝜕g(x, y, t, w̃)

𝜕y
|||| ≤ l(x, y, t)|w − w̃|,

||||𝜕2g(x, y, t,w)
𝜕x𝜕y

− 𝜕2g(x, y, t, w̃)
𝜕x𝜕y

|||| ≤ l(x, y, t)|w − w̃|,
where l(x, y, t)∈L2(Γ), b(x, y, t)≥ 0,

(2) g(x, y, t, w)∈C2,2,0[0,𝜋], t∈ [0, T],

(3) g(x, y, t, w)|x = 0 = g(x, y, t, w)|x = 𝜋 , gx(x, y, t, w)|x = 0 = gx(x, y, t, w)|x = 𝜋 , gy(x, y, t, w)|y = 0 = gy(x,

y, t, w)|y = 𝜋 , gxy(x, y, t, w)|x = 0 = gxy(x, y, t, w)|x = 𝜋 , gxy(x, y, t, w)|y = 0 = gxy(x, y, t, w)|y = 𝜋 ,

(4) g0(t,w) + 𝜋2

4

∑∞
m,n=1

(2m)2+(2n)2

mn
gsmn(t,w) ≠ 0, 0 < M0 ≤ min(x,y,t)∈Ω|g(x, y, t,w)|.
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Let us provided the following assumptions.

𝜐(0, y) = 𝜐(𝜋, y), 𝜐(x, 0) = 𝜐(x, 𝜋), g(0, y, t, w) = g(𝜋, y, t, w), g(x, 0, t, w) = g(x, 𝜋, t, w),

𝜐(x, y)∈C3, 3([0,𝜋]× [0,𝜋]), and g(x, y, t)∈C3, 3([0,𝜋]× [0,𝜋]), ∀ t∈ [0, T] in Γ.

From the condition (K1)–(K3) and (4), we have

∫
𝜋

0 ∫
𝜋

0

xywt(x, t)dxdy = h′(t), 0 ≤ t ≤ T . (8)

q(t) = 1

h(t)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−h′(t) + 𝜋2

4
∫ 𝜋

0
∫ 𝜋

0
g(𝛼, 𝛽, 𝜏,w)d𝛼d𝛽 +

∞∑
m,n=1

1

mn
∫ 𝜋

0
∫ 𝜋

0
g(𝛼, 𝛽, 𝜏,w)d𝛼d𝛽

− 𝜋2

4

∞∑
m,n=1

(2m)2+(2n)2

mn
𝜃smne− ∫ t

𝜏
[((2m)2+(2n)2)+q(s)]ds

−
∞∑

m,n=1

(2m)2+(2n)2

mn
∫ t

0
∫ 𝜋

0
∫ 𝜋

0
g(𝛼, 𝛽, 𝜏,w)e− ∫ t

𝜏
[((2m)2+(2n)2)+q(s)]dsd𝛼d𝛽d𝜏

⎫⎪⎪⎪⎬⎪⎪⎪⎭
. (9)

Definition 1 Let {w(t)} = {w0(t), wcmn(t), wcsmn(t), wscmn(t), wsmn(t), m, n = 1, … }

satisfy that the condition

max
0≤t≤T

|w0(t)|
4

+
∞∑

m,n=1

(
max
0≤t≤T

|wcmn(t)| + max
0≤t≤T

|wcsmn(t)| + max
0≤t≤T

|wscmn(t)| + max
0≤t≤T

|wsmn(t)|) < ∞

by B.

||w(t)|| = max
0≤t≤T

|w0(t)|
4

+
∞∑

m,n=1

(
max
0≤t≤T

|wcmn(t)| + max
0≤t≤T

|wcsmn(t)| + max
0≤t≤T

|wscmn(t)|
+ max

0≤t≤T
|wsmn(t)|) be the norm

where B is Banach space.

Theorem 1 If the conditions (K1)–(K3) be implemented. Then it has a unique solution.

Proof. We can give the equations to (7):

w(N+1)
0 (t) = 𝜐0 +

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏,w(N))e− ∫ t
𝜏
[((2m)2+(2n)2)+q(N)(s)]dsd𝛼d𝛽d𝜏,

w(N+1)
cmn (t) = 𝜐cmn +

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏,w(N))e− ∫ t
𝜏
[((2m)2+(2n)2)+q(N)(s)]ds cos(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏,

w(N+1)
csmn (t) = 𝜐csmn +

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏,w(N))e− ∫ t
𝜏
[((2m)2+(2n)2)+q(N)(s)]ds cos(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏,

w(N+1)
scmn (t) = 𝜐scmn +

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏,w(N))e− ∫ t
𝜏
[((2m)2+(2n)2)+q(N)(s)]ds sin(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏,

w(N+1)
smn (t) = 𝜐smn +

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏,w(N))e− ∫ t
𝜏
[((2m)2+(2n)2)+q(N)(s)]ds sin(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏.

(10)

According to the assumption of the theorem, we get w(0)(t)∈B, t∈ [0, T]. Using Lipshitz,

Hölder, and Bessel inequality, we obtain:

||w(1)(t)||B = max
0≤t≤T

|w(1)
0 (t)|
4

+
∞∑

m,n=1

(
max
0≤t≤T

|w(1)
cmn(t)| + max

0≤t≤T
|w(1)

csmn(t)| + max
0≤t≤T

|w(1)
scmn(t)| + max

0≤t≤T
|w(1)

smn(t)|)
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2226 BAGLAN AND KANCA

≤ |𝜐0|
2

+
∞∑

m,n=1

(|𝜐cmn| + |𝜐csmn| + |𝜐scmn| + |𝜐smn|)
+

(
4
√

T
𝜋2

+ 8
√

T
3𝜋

)||b(x, y, t)||L2(Γ)||w(0)(t)||B
+

(
4
√

T
𝜋2

+ 8
√

T
3𝜋

)
M.

According to the theorem, we get w(1)(t)∈B. For N,

||w(N+1)(t)||B1
= max

0≤t≤T

|w(N)
0 (t)|
4

+
∞∑

m,n=1

(
max
0≤t≤T

|w(N)
cmn(t)| + max

0≤t≤T
|w(N)

csmn(t)|
+ max

0≤t≤T
|w(N)

scmn(t)| + max
0≤t≤T

|w(N)
smn(t)|)

≤ |𝜐0|
2

+
∞∑

m,n=1

(|𝜐cmn| + |𝜐csmn| + |𝜐scmn| + |𝜐smn|)
+

(
4
√

T
𝜋2

+ 8
√

T
3𝜋

)||l(x, y, t)||L2(Γ)||w(N)(t)||B
+

(
4
√

T
𝜋2

+ 8
√

T
3𝜋

)
M.

According to w(N)(t)∈B and assumption of the theorem, we get w(N + 1)(t)∈B,

{w(t)} = {w0(t),wcmn(t),wcsmn(t),wscmn(t),wsmn(t), m, n = 1, 2, …} ∈ B.

We can give by equation to (9):

q(N+1)(t) = 1

h(t)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−h′(t) + 𝜋2

4
∫ 𝜋

0
∫ 𝜋

0
g(𝛼, 𝛽, 𝜏,w(N))d𝛼d𝛽 +

∞∑
m,n=1

1

mn
∫ 𝜋

0
∫ 𝜋

0
g(𝛼, 𝛽, 𝜏,w(N))d𝛼d𝛽

− 𝜋2

4

∞∑
m,n=1

(2m)2+(2n)2

mn
𝜃smne− ∫ t

𝜏
[((2m)2+(2n)2)+q(N)(s)]ds

−
∞∑

m,n=1

(2m)2+(2n)2

mn
∫ t

0
∫ 𝜋

0
∫ 𝜋

0
g(𝛼, 𝛽, 𝜏,w(N))e− ∫ t

𝜏
[((2m)2+(2n)2)+q(N)(s)]dsd𝛼d𝛽d𝜏

⎫⎪⎪⎪⎬⎪⎪⎪⎭
.

(11)

For N = 0,

||q(1)(t)||C[0,T] =
1

h(t)

⎧⎪⎨⎪⎩
|h′(t)| + (

𝜋2

4
+ 𝜋5

4
√

6
+ 2𝜋√

6

)
M +

(
𝜋5

4
√

6
+ 2𝜋√

6

) ||l(x, y, t)||L2(Γ)||w(0)(t)||B
𝜋3

2
√

6

∞∑
m,n=1

|(𝜐smn)x| + |(𝜐smn)y|
⎫⎪⎬⎪⎭ .

(12)

Hence q(1)(t)∈B. For N, we obtain,

||q(N+1)(t)||C[0,T] =
1

h(t)

⎧⎪⎨⎪⎩
|h′(t)| + (

𝜋2

4
+ 𝜋5

4
√

6
+ 2𝜋√

6

)
M +

(
𝜋5

4
√

6
+ 2𝜋√

6

) ||l(x, y, t)||L2(Γ)||w(N)(t)||B
𝜋3

2
√

6

∞∑
m,n=1

|(𝜐smn)x| + |(𝜐smn)y|
⎫⎪⎬⎪⎭ .

Since w(N)(t)∈B, q(N)(t)∈B.
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BAGLAN AND KANCA 2227

For N → ∞ , w(N + 1)(t), q(N + 1) are converged.

w(1)(t) − w(0)(t) =
(w(1)

0 (t) − w(0)
0 (t))

4

+
∞∑

k=1

[(w(1)
cmn(t) − w(0)

cmn(t)) + (w(1)
csmn(t) − w(0)

csmn(t))

+ (w(1)
scmn(t) − w(0)

scmn(t)) + (w(1)
smn(t) − w(0)

smn(t))]

= 1

4

(
4

𝜋2 ∫
t

0
∫

𝜋

0
∫

𝜋

0

[g𝛼𝛽(𝛼, 𝛽, 𝜏,w(0)) − g𝛼𝛽(𝛼, 𝛽, 𝜏, 0)]e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]dsd𝛼d𝛽d𝜏

)
+

∞∑
m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

[g𝛼𝛽(𝛼, 𝛽, 𝜏,w(0)) − g𝛼𝛽(𝛼, 𝛽, 𝜏, 0)]

× e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds cos(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

[g𝛼𝛽(𝛼, 𝛽, 𝜏,w(0)) − g𝛼𝛽(𝛼, 𝛽, 𝜏, 0)]

× e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds cos(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

[g𝛼𝛽(𝛼, 𝛽, 𝜏,w(0)) − g𝛼𝛽(𝛼, 𝛽, 𝜏, 0)]

× e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds sin(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

[g𝛼𝛽(𝛼, 𝛽, 𝜏,w(0)) − g𝛼𝛽(𝛼, 𝛽, 𝜏, 0)]

× e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds sin(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏

+ 1

4

(
4

𝜋2 ∫
t

0
∫

𝜋

0
∫

𝜋

0

g𝛼𝛽(𝛼, 𝛽, 𝜏, 0)e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]dsd𝜉d𝜂d𝜏

)
+

∞∑
m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

f𝛼𝛽(𝛼, 𝛽, 𝜏, 0)e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds cos(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

f𝛼𝛽(𝛼, 𝛽, 𝜏, 0)e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds cos(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

f𝛼𝛽(𝛼, 𝛽, 𝜏, 0)e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds sin(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2mn ∫
t

0
∫

𝜋

0
∫

𝜋

0

f𝛼𝛽(𝛼, 𝛽, 𝜏, 0)e− ∫ t
𝜏 [((2m)2+(2n)2)+q(1)(s)]ds sin(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏.

Let some inequalities are implemented (Bessel, Hölder, Lipschitzs):

||w(1)(t) − w(0)(t)||B ≤
(

4
√

T
𝜋2

+ 8
√

T
3𝜋

)
(||l(x, y, t)||L2(Γ)||w(0)(t)||B + M),

where

S =

(
4
√

T
𝜋2

+ 8
√

T
3𝜋

)
(||l(x, y, t)||L2(Γ)||w(0)(t)||B + M).

Same estimations:

||q(1)(t) − q(0)(t)||C[0,T] ≤ K
1 − L

||w(1)(t) − w(0)(t)||B||l(x, y, t)||L2(Γ),
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2228 BAGLAN AND KANCA

where

K = 1

h(t)

(
𝜋4 + 𝜋5

4
√

6
+ 2𝜋√

6

)
,

L = 1

h(t)

(
𝜋3|T|
2
√

6

( ∞∑
k=1

|(𝜐smn)x| + |(𝜐smn)y|) + 2𝜋|T|√
6

M

)
.

||w(2)(t) − w(1)(t)||B ≤ CS||l(x, y, t)||L2(Γ),

where

C =

(
4
√

T
𝜋2

+ 8
√

T
3𝜋

)(
1 + MK|T|

1 − L

)
.

For the step N:

||q(N+1)(t) − q(N)(t)||C[0,T] ≤ K
1 − L

||w(N+1)(t) − w(N)(t)||B||l(x, y, t)||L2(Γ)

||w(N+1)(t) − w(N)(t)||B ≤ S||l(x, y, t)||NL2(Γ)√
N!

CN , (13)

where

The series is uniformly convergent. Therefore w(N + 1)(t) and q(N + 1)(t) are converged.

lim
N→∞

w(N+1)(t) = w(t), lim
N→∞

q(N+1)(t) = q(t).

||w(t) − w(N+1)(t)||2B ≤ 2

[
C||l(x, y, t)||L2(Γ)||w(t) − w(N+1)(t)||2B√

N!

]2

× exp 2

(
4
√

T
𝜋2

+ 8
√

T
3𝜋

)2||l(x, y, t))||2L2(Γ). (14)

We obtain w(N + 1) →w, q(N + 1) → q, N →∞.

Applying same operations:

|w(t) − v(t)| ≤ C
(
∫

t

0 ∫
𝜋

0 ∫
𝜋

0

l2(𝛼, 𝛽, 𝜏)|w(𝜏) − v(𝜏)|2d𝛼d𝛽d𝜏
) 1

2

, (15)

we get w(t) = v(t) and r(t) = q(t).
The proof is over. ▪

3 STABILITY OF THE SOLUTION

Theorem 2 Under (K1)–(K3) the solution (q, w) of the (1)–(5) depends continuously.

Proof. SupposedΦ= {𝜐, h′
, g} andΦ = {𝜐, h′, g} and positive constants M, Ki, i= 1, 2

such that ||g||C1,1,0[Γ] ≤ M, ||g||C1,1,0[Γ] ≤ M, ||𝜐||C3[0,𝜋] ≤ K1, ||𝜐||C3[0,𝜋] ≤ K1,

||h||C1[0,T] ≤ K2, ||h||C1[0,T] ≤ K2.

 10982426, 2021, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/num

.22682 by Fenerbahce U
niversity, W

iley O
nline L

ibrary on [05/02/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



BAGLAN AND KANCA 2229

Let we take ||Φ|| = (||h||C1[0,T] + ||𝜐||C1,1[0,𝜋] + ||g||C1,1,0[Γ]). Let (q, w) and (q,w) be

solutions of (1)–(5):

w − w = (𝜐0 − 𝜐0)
4

+
∞∑

m,n=1

𝜐cmne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds cos(2m𝜉) cos(2n𝜂)

∞∑
m,n=1

𝜐cmne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds cos(2m𝜉) cos(2n𝜂)

+
∞∑

m,n=1

𝜐csmne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds cos(2m𝜉) sin(2n𝜂)

+
∞∑

m,n=1

𝜐csmne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds cos(2m𝜉) sin(2n𝜂)

+
∞∑

m,n=1

𝜐scmne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds sin(2m𝜉) cos(2n𝜂)

+
∞∑

m,n=1

𝜐scmne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds sin(2m𝜉) cos(2n𝜂)

+
∞∑

m,n=1

𝜐smne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds sin(2m𝜉) sin(2n𝜂)

+
∞∑

m,n=1

𝜐smne− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds sin(2m𝜉) sin(2n𝜂)

+ 1

4

(
4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

[g(𝛼, 𝛽, 𝜏, u) − g(𝛼, 𝛽, 𝜏, u)]e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]dsd𝛼d𝛽d𝜏

)
+ 1

4

(
4

𝜋2∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏, u)
(

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds − e− ∫ t

𝜏
[((2m)2+(2n)2)+q(s)]ds

)
d𝛼d𝛽d𝜏

)
+

∞∑
m,n=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

[g(𝛼, 𝛽, 𝜏,w) − g(𝛼, 𝛽, 𝜏,w)]e−[(2m)2+(2n)2](t−𝜏)

× cos(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

k=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏,w)
(

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds − e− ∫ t

𝜏
[((2m)2+(2n)2)+q(s)]ds

)
× cos(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

[g(𝛼, 𝛽, 𝜏,w) − g(𝛼, 𝛽, 𝜏,w)]e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds

× cos(2m𝜉) sin(2n𝜂)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏, u)
(

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds − e− ∫ t

𝜏
[((2m)2+(2n)2)+q(s)]ds

)
× cos(2m𝜉) sin(2n𝜂)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

[g(𝛼, 𝛽, 𝜏, u) − g(𝛼, 𝛽, 𝜏, u)]e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds

× sin(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏
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2230 BAGLAN AND KANCA

+
∞∑

m,n=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏, u)
(

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds − e− ∫ t

𝜏
[((2m)2+(2n)2)+q(s)]ds

)
× sin(2m𝛼) cos(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

[g(𝛼, 𝛽, 𝜏, u) − g(𝛼, 𝛽, 𝜏, u)]e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds

× sin(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏

+
∞∑

m,n=1

4

𝜋2 ∫
t

0 ∫
𝜋

0 ∫
𝜋

0

g(𝛼, 𝛽, 𝜏, u)
(

e− ∫ t
𝜏
[((2m)2+(2n)2)+q(s)]ds − e− ∫ t

𝜏
[((2m)2+(2n)2)+q(s)]ds

)
× sin(2m𝛼) sin(2n𝛽)d𝛼d𝛽d𝜏

we obtain: |w − w|2 ≤ 2M2
2||Φ −Φ||2

× exp 2M2
1

(
∫

t

0 ∫
𝜋

0

l2(𝜉, 𝜂, 𝜏)d𝜉d𝜂d𝜏
)

where M1 = max
{

M3,
(

4
√

T
𝜋2

+ 8
√

T
3𝜋

)}
, M2 = max{M5,M6}.

For Φ → Φ then w → w. Hence q → q. ▪

4 THE NUMERICAL EXAMINATION

Let us make linearization of the nonlinear terms:

w(n)
t = w(n)

xx + w(n)
yy − q(t)w(n) + g(x, y, t,w(n−1)), (x, y, t) ∈ Γ, (16)

w(n)(x, y, 0) = 𝜐(x, y), x ∈ [0, 𝜋], y ∈ [0, 𝜋], (17)

w(n)(0, y, t) = w(n)(𝜋, y, t), y ∈ [0, 𝜋] t ∈ [0,T],
w(n)(x, 0, t) = w(n)(x, 𝜋, t), x ∈ [0, 𝜋] t ∈ [0,T], (18)

w(n)
x (0, y, t) = w(n)

x (𝜋, y, t), y ∈ [0, 𝜋] t ∈ [0,T],

w(n)
y (x, 0, t) = w(n)

y (x, 𝜋, t), x ∈ [0, 𝜋] t ∈ [0,T]. (19)

If we take w(n)(x, y, t) = u(x, y, t) and g(x, y, t,w(n−1)) = g̃(x, y, t). Then we have a linear problem:

ut = uxx + uyy − q(t)u + g̃(x, y, t), (x, y, t) ∈ Γ, (20)

u(x, y, 0) = 𝜐(x, y), x ∈ [0, 𝜋], y ∈ [0, 𝜋], (21)

u(0, y, t) = u(𝜋, y, t), y ∈ [0, 𝜋], t ∈ [0,T],
u(x, 0, t) = u(x, 𝜋, t), x ∈ [0, 𝜋], t ∈ [0,T], (22)

ux(0, y, t) = ux(𝜋, y, t), y ∈ [0, 𝜋], t ∈ [0,T],
uy(x, 0, t) = uy(x, 𝜋, t), y ∈ [0, 𝜋], t ∈ [0,T]. (23)

[0,𝜋]2 × [0, T] is divided to an M2 ×N mesh with the step sizes h = 𝜋/M, 𝜏 = T/N.
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BAGLAN AND KANCA 2231

Let us take uk
i,j, g̃k

i,j, and qk that instead of u(xi, yj, tk), g̃(xi, yj, tk), and q(tk), respectively.

Then we examine implicit finite-difference method for problem (20)–(23):

1

𝜏
(uk+1

i,j − uk
i,j) =

1

h2
(uk+1

i−1,j − 2uk+1
i,j + uk+1

i+1,j) +
1

h2
(uk+1

i,j−1 − 2uk+1
i,j + uk+1

i,j+1) − qkuk
i,j + g̃k+1

i,j , (24)

u0
i,j = 𝜐i, (25)

uk
0,j = uk

M+1,j, uk
M+1,j =

uk
1,j − uk

M,j

2

uk
i,0 = uk

i,M+1, uk
i,M+1 =

uk
i,1 − uk

i,M

2
(26)

.

If we integrate Equation (1) with respect to x and y from 0 to 𝜋 and use (3), (4), and (5), we obtain

q(t) =
−h′(t) + ∫ 𝜋

0
yux(𝜋, y, t)dy + ∫ 𝜋

0
xuy(x, 𝜋, t)dx + ∫ 𝜋

0
∫ 𝜋

0
xyg̃(x, y, t)dxdy

h(t)
. (27)

The approximation function of (27) is

qk+1 =

[
−((hk+2 − hk)∕𝜏) +

(∫ 𝜋

0
yux(𝜋, y, t)dy

)k +
(∫ 𝜋

0
xuy(x, 𝜋, t)dx

)k +
(∫ 𝜋

0
∫ 𝜋

0
xyg̃(x, y, t)dxdy

)k
]

hk ,

where hk = h(tk), k = 0, 1, … , N.

We are talking about the fact that the integrals are found numerically according to Simpson’s

integration rule applying the central difference scheme.

qk(s), uk(s)
i,j are the values of qk, uk

i,j at the sth iteration step, respectively. Then, qk+ 1(s+ 1) is obtained
as follows

qk+1(s+1) =

[
−((hk+2 − hk)∕𝜏) +

(∫ 𝜋

0
yvx(𝜋, y, t)dy

)k(s) +
(∫ 𝜋

0
xvy(x, 𝜋, t)dx

)k(s) +
(∫ 𝜋

0
∫ 𝜋

0
xyg̃(x, y, t)dxdy

)k(s)
]

hk ,

1

𝜏

(
uk+1(s+1)

i,j − uk+1(s)
i,j

)
= 1

h2

(
uk+1(s+1)

i−1,j − 2uk+1(s+1)
i,j + uk+1(s+1)

i+1,j

)
+ 1

h2

(
uk+1(s+1)

i,j−1 − 2uk+1(s+1)
i,j + uk+1(s+1)

i,j+1

)
− qk(s+1)uk(s)

i,j + g̃k+1
i,j , (28)

u0
i,j = 𝜙i, (29)

uk+1(s)
0,j = uk+1(s)

M+1,j , uk+1(s)
M+1,j =

vk+1(s)
1,j − vk+1(s)

M,j

2
,

uk+1(s)
i,0 = uk+1(s)

i,M+1 , uk+1(s)
i,M+1 =

uk+1(s)
i,1 − uk+1(s)

i,M

2
. (30)

uk+1(s+1)
i,j is found. If the value difference between the two iterations reaches the expected tolerance,

iterations are stopped.

Example 1 This sample explores finding the accurate solution

{q(t),w(x, y, t)} = {exp(t + 1), (cos 2(x + y) exp(t)}.
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TABLE 1 The errors for function w(x, y, 1/2)

Mesh point x y Accurate w Error

1 0 0 1.6405 0.0121

10 0.3579 0.3579 0.2566 0.0021

20 0.7556 0.7556 −1.6303 0.0214

30 1.1532 1.1532 −0.2566 0.0011

40 1.5509 1.5509 1.6203 0.0284

50 1.9486 1.9486 0.2566 0.0357

60 2.3463 2.3463 −1.6203 0.0284

70 2.7409 2.7409 −0.2566 0.0173

80 3.1416 3.1416 1.6203 0.0147

TABLE 2 The error for function q(t)

t Accurate q Error

0.0955 1.0997 0.0111

0.1960 1.2153 0.0122

0.2965 1.3431 0.0135

0.4020 1.4844 0.0149

0.4975 1.6405 0.0165

0.5980 1.8130 0.0182

0.6985 2.0037 0.0201

0.7990 2.2144 0.0223

1 2.7047 0.0272

for the given functions

𝜐(x, y) = (cos 2(x + y)), h(t) = 𝜋2

4
exp(t),

g(x, y, t, u) = 5w exp(t) + exp(2t + 1) cos 2(x + y).

The step sizes are h = 0.0393, 𝜏 = 0.005.

q(t) was |qk+ 1(s+ 1) − qk+ 1(s)|≤ h/200.

Comparisons between the accurate solution and the numerical solution are given in Tables 1 and

2 and Figures 1–3 when T = 1.

5 CONCLUSION

The problem of inverse of the temperature distribution in the higher dimensional quasi-linear parabolic

equation by nonlocal conditions is taken. This inverse problem has been examined from both theo-

retically and numerically. In the theoretical part, the existence of the problem and the stability of the

problem were examined. In the numerical part, the finite difference method is used. Periodic boundary

conditions are used in this article. The Fourier method and the finite difference method are crucial of

inverse problems for two-dimensional quasi-linear parabolic equations.

In future studies, different conditions and different methods will be covered for higher dimensional

problems.
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FIGURE 1 The accurate and numerical solutions of q(t). The exact solution is shown with dashed line
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FIGURE 2 The numerical solution of w(x, y, 1/2) [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 3 The accurate solution of w(x, y, 1/2) [Color figure can be viewed at wileyonlinelibrary.com]
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